The low-energy isoscalar dipole response of heavy spherical nuclei is studied by using a semiclassical model, based on the solution of the linearized Vlasov kinetic equation for finite Fermi systems. In this translation-invariant model the excitations of the center of mass motion are exactly separated from the internal ones. The low-energy dipole strength function displays three resonance structures in the energy region up to 15 MeV. Calculations of the velocity fields associated with the resonance structures at the centroid energies show a vortex (toroidal) character of two overlying resonances, while the origin of the lowest isoscalar dipole resonance structure is related to the dipole single-particle excitations. Its centroid energy is close to the minimum energy of the dipole single-particle spectrum. The main toroidal resonance gives a qualitative description of the low-energy isoscalar dipole resonance observed in heavy spherical nuclei.
Introduction
The nuclear isoscalar dipole response reveals the low-energy resonance [1] [2] [3] [4] . Theoretical studies of low-energy isoscalar dipole resonance had been carried out both within quantum approaches [5] [6] [7] [8] [9] [10] [11] and using semiclassical ones [12] [13] [14] [15] [16] . They showed that this resonance has a substantially vortex (toroidal) character. However, calculations of the isoscalar dipole strength function usually show several resonance structures in the energy region of low-energy resonanse (below 15 MeV).
The main resonance is interpreted as the low-energy nuclear mode. It is of interest to study the nature of other dipole resonance structures in order to obtain additional information on the formation of low-energy isoscalar dipole resonances. For this, it is advisable to study the velocity fields associated with resonances.
In this paper, the collective isoscalar dipole excitations are considered within a translationinvariant kinetic model of small oscillations of finite Fermi systems [17] . In Section 2, we briefly recall the formalism of the kinetic model of collective dipole excitations in nuclei. The internal response function and the velocity field associated with the isoscalar dipole excitations are considered. In Section 3, the low-energy resonance structures of the isoscalar dipole response function are disccused, and the results of numerical calculations of the velocity fields associated with the low-energy resonance structures of the dipole strength function are shown.
Formalism
The translation-invariant kinetic model of small oscillations of finite Fermi systems based on the direct solution of the Vlasov equation for a Fermi system with moving surface is used to study the collective isoscalar dipole excitations of heavy nuclei [13, 15, 16] . In this model, a nucleus is treated as a gas of interacting fermions confined to a spherical cavity with moving surface. Within our kinetic model, we can find the explicit expression for the fluctuation of the phase-space distribution function related to the collective isoscalar dipole excitations. By using this function, we can calculate the response function [15] as well as the local dynamical quantities, in particular, the velocity field [16] .
Isoscalar dipole excitations in finite Fermi systems are an effect of the second order for the dipole moment (in the first order, they reduce to the center-of-mass motion). So, we consider the collective isoscalar dipole modes excited by a weak external field of the kind
where (3) ( ) = 3 is the second-order dipole moment, ( ) is the Dirac delta-function in time, and is a parameter that describes the external field strength. Within the kinetic model, assuming a simplified residual interaction of separable form,
the internal response function that is related with the collective isoscalar dipole excitations is given by 33 33 . . 
where F is the Fermi energy.
With the simple interaction (2) the function 33 () Rs can be evaluated explicitly as [15] 
where the dimensionless single-particle angular momentum
x is
and the dimensionless dipole single-particle eigenfrequencies () nN sx are defined as
The quantity  is a vanishingly small parameter that determines the integration path at poles. The
Fourier coefficients () k nN
Qx are the classical limit of the quantum-mechanical radial matrix elements of the dipole operators and are given by
The response functions (6) involve an infinite sum over n, however in practice it is sufficient to include only a few terms around n=0 in order to fulfill the energy-weighted sum rule with good accuracy.
The moving-surface contribution 33 () Ss to the internal response function (3) can be evaluated explicitly as
where the functions 0 ( ), ( 
The poles of the internal response function (3) To get the information about the origin of collective isoscalar dipole excitations, it is interesting to consider the velocity field associated with the dipole collective motion. This local dynamic quantity describes the spatial distribution of the average nucleon velocity during collective excitation and provides information on the nature of excitation. In our kinetic model, the time Fourier-transform of the velocity field is determined as 0 1 ( , ) ( , , ) u r dp p n r p m
where ( , , ) n r p  is the (Fourier transformed in time) fluctuations of the phase-space particle distribution induced by a weak external field (1) and 0  is the nuclear equilibrium density.
Choosing the Z axis in the direction of the external field, we will consider the velocity field in the meridian plane XZ that usually exploited in the RPA calculations [5, 20] . In this representation, the radius-vector of particle is ( , 0, ) r x y z  or ( , , 0) rr   in the spherical coordinates and the velocity field (13) can be written as ( , , 0, ) ( , , ) ( , , )
where ( , , ) Vlasov kinetic equation for a finite system with moving surface. The explicit expressions of these functions are given in Ref. [16] . Our semiclassical projections (15) and (16) of the velocity field vector are similar to the quantum ones; see e.g., [18] . They have the same angular dependence as the quantum dipole velocity field, while the radial form factors are calculated using the RPA-type equations of motion.
Low-energy resonances
In Fig. 1 we display the low-energy part (up to 20 MeV) of the isoscalar dipole strength function
The dashed curve is obtained from the internal response function The system contains A=208 nucleons.
We calculate the velocity field (14) associated with the resonance structures of the dipole strength function at the centroid energies.
In Fig. 2 the velocity fields for the lowest resonance structure are shown in the zero-order approximation at the centroid energy 7.2 MeV (a) and with regard for the residual interaction at the centroid energy 7.1 MeV (b). This resonance structure is associated with single-particle dipole excitations. Its centroid energy is close to the minimum energy of the dipole single-particle spectrum (7) . Indeed, the lowest branch of single-particle dipole frequencies 01 () s x has a gap that determines the minimum dimensionless frequency In Fig. 3 , the results of numerical calculations of the velocity fields associated with the second resonance of the strength function are shown in the zero-order approximation (a) and taking into account the residual interaction (b). It can be seen from Fig. 3 that the inclusion of the residual interaction leads to strengthening the vortex motion associated with this resonance. Fig. 4a shows the velocity field for the main toroidal resonance in the zero-order approximation at the centroid energy 12 MeV, while Fig. 4b displays this velocity field taking into account the residual interaction at the centroid energy 11.5 MeV. This resonance reproduces the nuclear low-energy resonance observed in heavy nuclei [16] . a b Fig.2 . The velocity fields in the XZ plane associated with the lowest resonance structure, see Fig. 1 , in the zero-order approximation at the centroid energy of 7.2 MeV (a) and taking into account the residual interaction between the nucleons at the centroid energy of 7.1 MeV (b). The system contains A = 208 nucleons.
Conclusions
The velocity fields associated with the low-energy resonance structures of the isoscalar dipole strength function have been studied within the kinetic model. In this model, taking into account the dynamical-surface degree of freedom, it is possible to obtain an exact treatment of the centre of mass motion. It is found that our semiclassical model predicts two toroidal resonances in the energy ). The nature of the velocity field associated with this resonance structure is determined by the direction of the external force (1).
Our semiclassical approach makes it possible to obtain additional information on the nature of collective isoscalar dipole excitations in heavy nuclei. In particular, it would be interesting to study the nature of the momentum flux associated with collective isoscalar dipole excitations. This study 
